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Abstract. In this work the normal mode analysis is used to obtain the exact expressions for the temperature, the displacement and the stress of the model of two-dimensional equations of generalized thermo-elasticity based on Lord-Shulman (L-S), Green-Lindsay (G-L) and classical dynamical-coupled (CD) theories. The resulting formulation is applied to two different concrete problems. The first deals with a plate with thermo-isolated surfaces subject to time-dependent compression. The second concerns the case of a heated punch moving across the surface of a semi-infinite thermoelastic half-space subject to appropriate boundary conditions. The results obtained and the conclusions drawn are discussed numerically and illustrated graphically for the problems considered. Comparisons are made with the results predicted by the coupled theory and with the two theories of generalized thermoelasticity with one and two relaxation times.
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1. Introduction


In the postwar years we have seen a rapid development of thermo-elasticity stimulated by various engineering sciences [1]. The classical uncoupled theory of thermo-elasticity predicts two phenomena not compatible with physical observations. First, the equation of heat conduction of this theory does not contain any elastic terms, contrary to the fact that elastic changes produce heat effects. Second the heat equation is of a parabolic type, predicting infinite speeds of propagation for heat waves. 


Biot [2] introduced the theory of coupled thermoelasticity to overcome the first shortcoming. The governing equations for this theory are coupled, eliminating the first paradox of the classical theory. However, both theories share the second shortcoming since the heat equation for the coupled theory is also parabolic. 


Two generalizations to the coupled theory were introduced. The first due to Lord and Shulman [3], who obtained a wave-type heat equation by postulating a new law of heat conduction to replace the classical Fourier’s law.  This new law contains the heat flux vector as well as its time derivative. It also contains a new constant that acts as a relaxation time. Since the heat equation of this theory is of the wave type, it automatically ensures finite speeds of propagation for heat and elastic waves. The remaining equations for this theory, namely, the equations of motions and constitutive relations, remain the same as those of the coupled and the uncoupled theories. Dhaliwal and Sherief [4] extended this theory to generalize anisotropic media in the presence of heat sources. Sherief and Dhaliwal [5] solved a thermal shock problem, and Sherief [6] solved a spherically symmetric problem with a point source. Both of these problems are valid for short times. 


The second generalization to the coupled theory of elasticity is what is known as the theory of thermoelasticity with two relaxation times or the theory of temperature-rate-dependent thermoelasticity. 
[image: image23.wmf]ller

u

M

&

&

[7], in a review of the thermodynamics of thermo-elastic solids, proposed an entropy production inequality, with the help of which he considered restrictions on a class of constitutive equations. A generalization of this inequality was proposed Green and Laws [8]. Green and Lindsay [9] obtained an explicit version of the constitutive equations. These equations were also obtained independently by Şuhubi [10]. This theory contains two constants that act as relaxation times and modify all the equations of the coupled theory, not only the heat equation. The classical Fourier’s law of heat conduction is not violated if the medium under consideration has a center of symmetry. Erbay and Şuhubi [11] studied wave propagation in cylinders.  Ignaczak [12] studied a strong discontinuity wave and obtained a decomposition theorem for this theory [13]. Dhaliwal and Rokne [14] have solved a thermal shock problem.  Othman [15] studied the effect of rotation on plane waves in generalized thermoelasticity with two relaxation times. Othman [16] studied the two-dimensional generalized thermoelasticity under the dependence of modulus of elasticity on the temperature based on the theory of Lord-Shulman. Lately, Othman [17] studied the generalized electromagneto-thermoviscoelastic in case of 2-D thermal shock problem in a finite conducting medium with one relaxation time. 


In the present paper, a comparison is carried out between temperature distribution, displacement components and thermal stresses as calculated from the generalized thermoelasticity (L-S) and (G-L) theories for the two problems under consideration. The classical dynamic coupled (CD) theory is recovered as a special case. We shall formulate the normal mode analysis to two-dimensional problems of generalized thermoelasticity. The exact expressions for temperature distribution, displacement components and the stress are obtained for considered problems. 

2. Development of the problem


We shall consider a thermoelastic medium governed by the equations of generalized thermoelasticity with thermal relaxation times. We shall also assume that the initial state of the medium is quiescent. Also, we assume that heat sources, external forces and body forces are absent and consider a fixed rectangular Cartesian coordinate system with coordinate axes 
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The fundamental equations of the generalized thermoelasticity:

1. Equations of motion



[image: image25.wmf]j

j,

i

i

σ

u

ρ

=

&

&

,
(1)

2. Heat conduction equation
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3. Stress-strain-temperature constitutive relations 
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4. Strain-displacement constitutive relations
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In the above equations a dot denotes differentiation with respect to time, and a comma followed by a subscript denotes partial differentiation with respect to the corresponding coordinates. The summation notation is used. We shall consider only the simplest case of the two-dimensional problem. We assume that all causes producing the wave propagation are independent of the variable z, and that waves are propagated only in the xy-plane. Thus all quantities appearing in equations (1)-(4) are independent of the variable z. Then the displacement vector has components (u(x,y,t), v(x,y,t), 0 ). Moreover the use of the relaxation times 
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(1)  Classical Dynamical theory (1956): 
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(2)  Lord and Shulman’s theory (1967): 
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(3)  Green and Lindsay’s theory (1972): 
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Eliminating 
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 from Eq. (1) and (3) and using Eq. (4), one may get
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Let us introduce the non-dimensional variables:
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where the dashed quantities denote dimensional variables.

Equations (5), (2) and (3) in the dimensionless form  
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the heat conduction equation
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and the components of the stress are
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If we introduce the function 
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 defined by
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the equations (6) and (7) take the form

 
[image: image51.wmf]   

.

 

t

ψ

 

ψ

 

=

 

t

θ

 

)

t

+

1

(

    

2

2

2

2

2

ν

¶

¶

-

Ñ

¶

¶

¶

¶


(14)

Where 
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 is Laplace’s operator. Equation (8) is to be supplemented by the heat conduction equation
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3. Normal mode analysis


The equations (8) and  (14) are simplified in the usual manner by decomposing the solution in terms of normal modes so that
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where 
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 is the (complex) time constant and “a” is the wave number in the x-direction. Equation (14)  and (15) together with Eq. (16) has the form,
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where,  D = 

 .

Eliminating   
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where,
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Equation (19) can be factorized as
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where,
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The solution of Eq. (24) is taken as
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where 
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Substituting (26) into the equation (17), we obtain
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where,
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Substituting from Eqs.(4), (13)  and (16) into the Eqs.(6) and (7) after some manipu-lations we get
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Introducing Eqs. (26) and (27) into the Eqs. (29) and (30), we obtain
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and 
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where,
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and 
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Eqs. (4)  and (13)  together  with Eqs. (26), (27), (31)  and  (32) lead to the  following 

relations between 
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Substituting from Eqs. (16), (26), (27), (31) and  (32) into Eqs. (9)-(12), we get
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where
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It should be noted that we have used Eqs. (34) and (35) repeatedly in order to write these entries in the simplest possible form. It is now possible to solve a plane wave problem of generalized thermoelasticity with thermal relaxation times.


The normal mode analysis is, in fact, to look for the solution in Fourier transformed domain. Assuming that all the relations (temperature, etc. ) are sufficiently smooth on the real line such that the normal mode analysis of these functions exist.

4. Applications   


Problem I: A plate with thermo-isolated surfaces 
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with the middle surface of the plate coinciding with the plane 
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The boundary conditions of the problem are taken as:
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where 
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By using the normal mode analysis we get:
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We note that due to the symmetry of the problem the displacement component u and the temperature 
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 are even functions of y while the displacement v is an odd function of y.

Equation (44), (45) and (46) together with Eq. (27), (37) and (38) respectively give:
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Equation (34), (47), (48) and (49) can be solved for the four unknowns
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where,
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Problem II: A heat  punch  time-dependent  moving  across  the  surface  of  semi-    
                    infinite thermoelastic half-space [18]:


We shall consider a homogeneous isotropic thermoelastic solid occupying the region 
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In the physical problem, we should suppress the positive exponentials, which are unbounded at infinity. Thus we should replace each 
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where,
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The boundary conditions on the surface y = 0 are taken to be
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where n and p are given function of x and t. Substituting from Eqs. (59), (63) and (64) into Eqs. (66), (67) and (68) by using Eq. (16) give
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Eqs. (65), (69)-(71) can be solved for the four unknowns 
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where
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5. Numerical Results


As a numerical example we considered copper material which has wide applications in industry. Since we have 
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 The computation were carried out for two values of the time, namely, 
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The values of the real part of the temperature 
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 for the problem II. The effects of the time were studied. These results are shown in Figures 1-9. The graph shows the sixth curves predicted by the different theories of thermoelasticity. In these figures the solid line represents the solution corresponding to using the Coupled theory of heat conduction
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 The phenomenon of finite speeds of propagation is manifested in all these figures. It was found from Figs. 1-9 for different values of time the coupled (CD), generalized (L-S) and (G-L) theories give very close results. For small values of time the solution is localized in a finite region surrounding the surface and is identically zero outside this region. This region grows with increasing time and its edge is the location of the wave front. This region is determined only by the values of time t and the relaxation times 
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6. Concluding Remarks:


Owing to the complicated nature of the governing equations for the generalized thermoelasticity with thermal relaxation times few attempts have been made to solve problems in this field [12]-[21], these attempts utilized approximate methods valid for only a specific range of some parameters.


In this work, the method of normal mode analysis is introduced in the field of thermoelasticity and applied to a specific problem in which the temperature, displacement and stresses are coupled. This method gives exact solutions without any assumed restrictions on either the temperature or stress distributions.


The normal mode analysis is applied to a wide range of problems in different branches. It can be applied to boundary-layer problems, which are described by the linearized Navier-Stokes equations in hydrodynamic [22]- [24].
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		-3		1.40E-02		1.35E-02		1.31E-02		2.09E-02		2.02E-02		1.95E-02

		-2.9		2.37E-02		2.30E-02		2.21E-02		3.54E-02		3.43E-02		3.30E-02

		-2.8		3.32E-02		3.22E-02		3.10E-02		4.95E-02		4.80E-02		4.63E-02

		-2.7		4.24E-02		4.10E-02		3.96E-02		6.32E-02		6.12E-02		5.90E-02

		-2.6		5.11E-02		4.95E-02		4.77E-02		7.62E-02		7.38E-02		7.12E-02

		-2.5		5.93E-02		5.75E-02		5.54E-02		8.85E-02		8.57E-02		8.26E-02

		-2.4		6.70E-02		6.49E-02		6.25E-02		9.99E-02		9.67E-02		9.33E-02

		-2.3		7.39E-02		7.16E-02		6.90E-02		1.10E-01		1.07E-01		1.03E-01

		-2.2		8.02E-02		7.76E-02		7.48E-02		1.20E-01		1.16E-01		1.12E-01

		-2.1		8.56E-02		8.29E-02		7.99E-02		1.28E-01		1.24E-01		1.19E-01

		-2		9.02E-02		8.73E-02		8.42E-02		1.34E-01		1.30E-01		1.26E-01

		-1.9		9.38E-02		9.09E-02		8.76E-02		1.40E-01		1.36E-01		1.31E-01

		-1.8		9.66E-02		9.35E-02		9.01E-02		1.44E-01		1.39E-01		1.34E-01

		-1.7		9.83E-02		9.52E-02		9.18E-02		1.47E-01		1.42E-01		1.37E-01

		-1.6		9.91E-02		9.60E-02		9.25E-02		1.48E-01		1.43E-01		1.38E-01

		-1.5		9.89E-02		9.58E-02		9.23E-02		1.48E-01		1.43E-01		1.38E-01

		-1.4		9.77E-02		9.46E-02		9.12E-02		1.46E-01		1.41E-01		1.36E-01

		-1.3		9.55E-02		9.25E-02		8.92E-02		1.43E-01		1.38E-01		1.33E-01

		-1.2		9.24E-02		8.95E-02		8.63E-02		1.38E-01		1.33E-01		1.29E-01

		-1.1		8.84E-02		8.56E-02		8.25E-02		1.32E-01		1.28E-01		1.23E-01

		-1		8.34E-02		8.08E-02		7.79E-02		1.24E-01		1.21E-01		1.16E-01

		-0.9		7.77E-02		7.52E-02		7.25E-02		1.16E-01		1.12E-01		1.08E-01

		-0.8		7.11E-02		6.89E-02		6.64E-02		1.06E-01		1.03E-01		9.91E-02

		-0.7		6.39E-02		6.19E-02		5.96E-02		9.53E-02		9.23E-02		8.90E-02

		-0.6		5.60E-02		5.42E-02		5.23E-02		8.35E-02		8.09E-02		7.80E-02

		-0.5		4.75E-02		4.60E-02		4.44E-02		7.09E-02		6.87E-02		6.62E-02

		-0.4		3.86E-02		3.74E-02		3.60E-02		5.76E-02		5.58E-02		5.38E-02

		-0.3		2.93E-02		2.84E-02		2.74E-02		4.37E-02		4.23E-02		4.08E-02

		-0.2		1.97E-02		1.91E-02		1.84E-02		2.94E-02		2.85E-02		2.74E-02

		-0.1		9.90E-03		9.58E-03		9.24E-03		1.48E-02		1.43E-02		1.38E-02

		0		9.24E-13		8.95E-13		8.63E-13		1.38E-12		1.34E-12		1.29E-12

		0.1		-9.90E-03		-9.58E-03		-9.24E-03		-1.48E-02		-1.43E-02		-1.38E-02

		0.2		-1.97E-02		-1.91E-02		-1.84E-02		-2.94E-02		-2.85E-02		-2.74E-02

		0.3		-2.93E-02		-2.84E-02		-2.74E-02		-4.37E-02		-4.23E-02		-4.08E-02

		0.4		-3.86E-02		-3.74E-02		-3.60E-02		-5.76E-02		-5.58E-02		-5.38E-02

		0.5		-4.75E-02		-4.60E-02		-4.44E-02		-7.09E-02		-6.87E-02		-6.62E-02

		0.6		-5.60E-02		-5.42E-02		-5.23E-02		-8.35E-02		-8.09E-02		-7.80E-02

		0.7		-6.39E-02		-6.19E-02		-5.96E-02		-9.53E-02		-9.23E-02		-8.90E-02

		0.8		-7.11E-02		-6.89E-02		-6.64E-02		-1.06E-01		-1.03E-01		-9.91E-02

		0.9		-7.77E-02		-7.52E-02		-7.25E-02		-1.16E-01		-1.12E-01		-1.08E-01

		1		-8.34E-02		-8.08E-02		-7.79E-02		-1.24E-01		-1.21E-01		-1.16E-01

		1.1		-8.84E-02		-8.56E-02		-8.25E-02		-1.32E-01		-1.28E-01		-1.23E-01

		1.2		-9.24E-02		-8.95E-02		-8.63E-02		-1.38E-01		-1.33E-01		-1.29E-01

		1.3		-9.55E-02		-9.25E-02		-8.92E-02		-1.43E-01		-1.38E-01		-1.33E-01

		1.4		-9.77E-02		-9.46E-02		-9.12E-02		-1.46E-01		-1.41E-01		-1.36E-01

		1.5		-9.89E-02		-9.58E-02		-9.23E-02		-1.48E-01		-1.43E-01		-1.38E-01

		1.6		-9.91E-02		-9.60E-02		-9.25E-02		-1.48E-01		-1.43E-01		-1.38E-01

		1.7		-9.83E-02		-9.52E-02		-9.18E-02		-1.47E-01		-1.42E-01		-1.37E-01

		1.8		-9.66E-02		-9.35E-02		-9.01E-02		-1.44E-01		-1.39E-01		-1.34E-01

		1.9		-9.38E-02		-9.09E-02		-8.76E-02		-1.40E-01		-1.36E-01		-1.31E-01

		2		-9.02E-02		-8.73E-02		-8.42E-02		-1.34E-01		-1.30E-01		-1.26E-01

		2.1		-8.56E-02		-8.29E-02		-7.99E-02		-1.28E-01		-1.24E-01		-1.19E-01

		2.2		-8.02E-02		-7.76E-02		-7.48E-02		-1.20E-01		-1.16E-01		-1.12E-01

		2.3		-7.39E-02		-7.16E-02		-6.90E-02		-1.10E-01		-1.07E-01		-1.03E-01

		2.4		-6.70E-02		-6.49E-02		-6.25E-02		-9.99E-02		-9.67E-02		-9.33E-02

		2.5		-5.93E-02		-5.75E-02		-5.54E-02		-8.85E-02		-8.57E-02		-8.26E-02

		2.6		-5.11E-02		-4.95E-02		-4.77E-02		-7.62E-02		-7.38E-02		-7.12E-02

		2.7		-4.24E-02		-4.10E-02		-3.96E-02		-6.32E-02		-6.12E-02		-5.90E-02

		2.8		-3.32E-02		-3.22E-02		-3.10E-02		-4.95E-02		-4.80E-02		-4.63E-02

		2.9		-2.37E-02		-2.30E-02		-2.21E-02		-3.54E-02		-3.43E-02		-3.30E-02

		3		-1.40E-02		-1.35E-02		-1.31E-02		-2.09E-02		-2.02E-02		-1.95E-02
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		-1.5		-1.5		-1.5		-1.5		-1.5		-1.5

		-1.4		-1.4		-1.4		-1.4		-1.4		-1.4

		-1.3		-1.3		-1.3		-1.3		-1.3		-1.3

		-1.2		-1.2		-1.2		-1.2		-1.2		-1.2

		-1.1		-1.1		-1.1		-1.1		-1.1		-1.1

		-1		-1		-1		-1		-1		-1

		-0.9		-0.9		-0.9		-0.9		-0.9		-0.9

		-0.8		-0.8		-0.8		-0.8		-0.8		-0.8

		-0.7		-0.7		-0.7		-0.7		-0.7		-0.7

		-0.6		-0.6		-0.6		-0.6		-0.6		-0.6

		-0.5		-0.5		-0.5		-0.5		-0.5		-0.5

		-0.4		-0.4		-0.4		-0.4		-0.4		-0.4

		-0.3		-0.3		-0.3		-0.3		-0.3		-0.3

		-0.2		-0.2		-0.2		-0.2		-0.2		-0.2

		-0.1		-0.1		-0.1		-0.1		-0.1		-0.1

		0		0		0		0		0		0

		0.1		0.1		0.1		0.1		0.1		0.1

		0.2		0.2		0.2		0.2		0.2		0.2

		0.3		0.3		0.3		0.3		0.3		0.3

		0.4		0.4		0.4		0.4		0.4		0.4

		0.5		0.5		0.5		0.5		0.5		0.5

		0.6		0.6		0.6		0.6		0.6		0.6

		0.7		0.7		0.7		0.7		0.7		0.7

		0.8		0.8		0.8		0.8		0.8		0.8

		0.9		0.9		0.9		0.9		0.9		0.9

		1		1		1		1		1		1

		1.1		1.1		1.1		1.1		1.1		1.1

		1.2		1.2		1.2		1.2		1.2		1.2

		1.3		1.3		1.3		1.3		1.3		1.3

		1.4		1.4		1.4		1.4		1.4		1.4

		1.5		1.5		1.5		1.5		1.5		1.5
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		-1.5		-1.51E-02		-1.57E-02		-1.48E-02		-2.25E-02		-2.34E-02		-2.20E-02

		-1.4		-3.63E-02		-3.77E-02		-3.55E-02		-5.41E-02		-5.62E-02		-5.30E-02

		-1.3		-5.71E-02		-5.93E-02		-5.59E-02		-8.52E-02		-8.84E-02		-8.34E-02

		-1.2		-7.74E-02		-8.03E-02		-7.57E-02		-1.15E-01		-1.20E-01		-1.13E-01

		-1.1		-9.68E-02		-1.00E-01		-9.48E-02		-1.44E-01		-1.50E-01		-1.41E-01

		-1		-1.15E-01		-1.20E-01		-1.13E-01		-1.72E-01		-1.79E-01		-1.68E-01

		-0.9		-1.33E-01		-1.38E-01		-1.30E-01		-1.98E-01		-2.05E-01		-1.94E-01

		-0.8		-1.49E-01		-1.54E-01		-1.46E-01		-2.22E-01		-2.30E-01		-2.17E-01

		-0.7		-1.63E-01		-1.69E-01		-1.60E-01		-2.44E-01		-2.53E-01		-2.38E-01

		-0.6		-1.76E-01		-1.83E-01		-1.72E-01		-2.63E-01		-2.73E-01		-2.57E-01
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N3. Fig.2

		-1.5		9.55E-05		8.85E-05		9.20E-05		1.42E-04		1.32E-04		1.37E-04

		-1.4		2.30E-04		2.13E-04		2.21E-04		3.42E-04		3.17E-04		3.30E-04

		-1.3		3.61E-04		3.35E-04		3.48E-04		5.39E-04		4.99E-04		5.19E-04

		-1.2		4.89E-04		4.53E-04		4.71E-04		7.30E-04		6.76E-04		7.03E-04

		-1.1		6.12E-04		5.67E-04		5.90E-04		9.14E-04		8.47E-04		8.80E-04

		-1		7.30E-04		6.76E-04		7.03E-04		1.09E-03		1.01E-03		1.05E-03

		-0.9		8.39E-04		7.78E-04		8.09E-04		1.25E-03		1.16E-03		1.21E-03

		-0.8		9.41E-04		8.72E-04		9.06E-04		1.40E-03		1.30E-03		1.35E-03

		-0.7		1.03E-03		9.57E-04		9.95E-04		1.54E-03		1.43E-03		1.48E-03

		-0.6		1.11E-03		1.03E-03		1.07E-03		1.66E-03		1.54E-03		1.60E-03

		-0.5		1.19E-03		1.10E-03		1.14E-03		1.77E-03		1.64E-03		1.70E-03

		-0.4		1.24E-03		1.15E-03		1.20E-03		1.86E-03		1.72E-03		1.79E-03

		-0.3		1.29E-03		1.20E-03		1.24E-03		1.92E-03		1.78E-03		1.85E-03

		-0.2		1.32E-03		1.23E-03		1.28E-03		1.97E-03		1.83E-03		1.90E-03

		-0.1		1.34E-03		1.24E-03		1.29E-03		2.00E-03		1.86E-03		1.93E-03

		0		1.35E-03		1.25E-03		1.30E-03		2.01E-03		1.87E-03		1.94E-03

		0.1		1.34E-03		1.24E-03		1.29E-03		2.00E-03		1.86E-03		1.93E-03

		0.2		1.32E-03		1.23E-03		1.28E-03		1.97E-03		1.83E-03		1.90E-03

		0.3		1.29E-03		1.20E-03		1.24E-03		1.92E-03		1.78E-03		1.85E-03

		0.4		1.24E-03		1.15E-03		1.20E-03		1.86E-03		1.72E-03		1.79E-03

		0.5		1.19E-03		1.10E-03		1.14E-03		1.77E-03		1.64E-03		1.70E-03

		0.6		1.11E-03		1.03E-03		1.07E-03		1.66E-03		1.54E-03		1.60E-03

		0.7		1.03E-03		9.57E-04		9.95E-04		1.54E-03		1.43E-03		1.48E-03

		0.8		9.41E-04		8.72E-04		9.06E-04		1.40E-03		1.30E-03		1.35E-03

		0.9		8.39E-04		7.78E-04		8.09E-04		1.25E-03		1.16E-03		1.21E-03

		1		7.30E-04		6.76E-04		7.03E-04		1.09E-03		1.01E-03		1.05E-03

		1.1		6.12E-04		5.67E-04		5.90E-04		9.14E-04		8.47E-04		8.80E-04

		1.2		4.89E-04		4.53E-04		4.71E-04		7.30E-04		6.76E-04		7.03E-04

		1.3		3.61E-04		3.35E-04		3.48E-04		5.39E-04		4.99E-04		5.19E-04

		1.4		2.30E-04		2.13E-04		2.21E-04		3.42E-04		3.17E-04		3.30E-04

		1.5		9.55E-05		8.85E-05		9.20E-05		1.42E-04		1.32E-04		1.37E-04
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